Abstract. Given ε > 0, we show that there are infinitely many sequences of consecutive εn-smooth polynomials over a finite field. The number of polynomials in each sequence is approximately ln ln ln n.
Introduction
The ring of integers and the ring of polynomials over a finite field share elementary properties such as having the structure of a Euclidean ring and of a unique factorization domain. So, it is not very surprising that many authors have established analogues of ideas and results between these two rings. One could list a series of results about Z for which a F q [x] version has been formulated. For example, Dirichlet's Theorem on primes in an arithmetic progression is established for polynomials in Kornblum [11] . Effinger in [2] proves a Goldbach-type theorem for polynomials of low degree over odd finite fields (see also [3] for another variant of this theorem). The well-known Twin Primes Conjecture also gives rise to a similar statement for polynomials by properly defining the notion of twin irreducible polynomials. The existence of infinitely many twin irreducible polynomials over a fixed finite field was conjectured by Effinger et al. [4] , and has been recently proved by Hall [8] in the case of F q with q = 2. In [4] one can find a polynomial version of Mertens' Theorem, which is another famous result over the integers. Results of this type are usually obtained by properly adjusting the concepts already in existence for integers to polynomials. One mimics the techniques as far as they work in the new context, and then employs some arguments from the theory of finite fields to complete the proof.
In this paper we also obtain results for polynomials following ideas developed for integers. In [1] Balog and Wooley investigate the existence of long strings of consecutive integers, all smooth, that is, having only small prime factors. They extend arguments given by Eggleton and Selfridge [5] . A key idea of the latter work is to use the fact that the polynomial x d − 1 factors as a product of cyclotomic polynomials of degree at most φ (d) . This observation appears again in [1] , and also in this paper. In the case of polynomials over a finite field, the adaptation of techniques occurs naturally. The proof is elementary, and ends up being similar to the one given in [1] , up to some adjustments.
Before we state our results, let us explain what we mean by consecutive and smooth polynomials. Suppose F q is a finite field with q = n , prime, and the elements in F q are written in terms of a root α of an irreducible polynomial of degree n over F . To order all polynomials in F q [x], we associate to
, we say that f and g are consecutive polynomials. This ordering has already been considered by some authors [10] . Here we are only interested in monic polynomials. Thus, two distinct monic polynomials f and g are said to be consecutive if there is no monic polynomial h over F q with I h between I f and I g . From now on, for simplicity, when we speak of polynomials over a finite field, it should be understood we mean monic polynomials. Another concept we need is smoothness. In analogy to the concept of smooth numbers, we say that a polynomial f is ρ-smooth if all irreducible factors of f have degree smaller than or equal to ρ. Smooth polynomials over a finite field play a crucial role in the discrete logarithm problem over finite field extensions [6, 13, 14] . The distribution of m-smooth polynomials over a finite field has also been studied in [7, 12, 13] . These papers provide estimates for the number of m-smooth polynomials of degree n over F q by an application of the saddle point method. When m is large with respect to n, the estimation is given in terms of the Dickman function that underlies the estimation of smooth integers [14, 15] .
We use the same notational conventions as Balog and Wooley in [1] . Our main result is Theorem 2.1. We prove that there exist infinitely many sequences of consecutive smooth polynomials of length approximately ln ln ln n. In other words, given ε > 0, we show explicitly that there are infinitely many polynomials f such that f − b has all irreducible factors of degree at most εn, where b is any polynomial of degree less than ln ln ln ln n, approximately. To prove this we need two lemmas. The first one (Lemma 2.1) is proved in [1] . The second one (Lemma 2.2) is actually a more general form of Theorem 2.1. We also provide infinitely many sets of smooth polynomials of a special form (Theorem 2.2), as another consequence of Lemma 2.2. There is an ln difference between Balog and Wooley's result [1] for integers and our result for polynomials over a finite field. This is typical when studying similar problems for integers and polynomials over a finite field.
Smooth polynomials
In this paper, ln denotes the natural logarithm, log denotes the logarithm in base q, and log k x denotes the k-fold iterated logarithm. We need the following result from [1] .
Lemma 2.1 ([1]
). Let y be a large real number, and let t and k be positive integers. Then, one can partition the prime numbers not exceeding y, and coprime with k, into sets P 1 , . . . , P t with the property that for each i, 
Then, for each natural number n, for which y n is sufficiently large and deg b i > 0 for some i ≤ t n , there is a polynomial f n over F q with
which satisfies the property that the largest degree among the irreducible factors over
Proof. For convenience, from now on we shall drop the subscripts n. Suppose y is very large. It follows from Lemma 2.1 that we can partition all prime numbers not exceeding y, and coprime with K, into sets P 1 , . . . , P t with the property that (4) 
For 1 ≤ i ≤ t, we define
Then, it follows from the Prime Number Theorem [9] that
Moreover, (k j Γ j , γ j ) = 1 for 1 ≤ j ≤ t. So, for each j, letλ j andμ j satisfy the property that
, and (7) 1 ≤λ j ,μ j < γ j . Let λ j = Γ jλj and µ j = Γ jμj , for 1 ≤ j ≤ t. We also define the integers
We first prove that such f satisfies (3). From (6) and (7), we get
On the other hand, ifγ = max{γ j : 1 ≤ j ≤ t}, then from the fact that t ≥ 2 and from (5), (6) and (7), we have that, for y sufficiently large,
K .
The rest of the proof concentrates on the smoothness of the polynomial
. The polynomial z γ j j −1 factors as a product of cyclotomic polynomials of degree at most φ(γ j ) over
Now, by (4), (6) and (7), we get
This completes the proof.
We choose specific values for the parameters in Lemma 2.2 to get our main result. Proof. First we observe that m n ≥ 2 for n sufficiently large. Let
for n ∈ N. We apply Lemma 2.2 with t n = #T n , k n = 1, a n = 1, for n ∈ N. Thus,
We also note that t n ≥ 2, for n sufficiently large. In the notation defined by (1) and (2), we have for
Therefore, provided that n is sufficiently large, we conclude that there is a polynomial f n , namely,
. . , b t n are all polynomials in T n and n 1/11 −1 < deg f n < n. Furthermore, the largest degree among the irreducible factors of the polynomial f n
As m n ≥ 2 and is a prime ≥ 2, we get
for n sufficiently large. Therefore, there exists a polynomial f n such that We recall that α n and ∆ n do not depend on n in this theorem. Hence, there is a sequence (f n k ) of non-zero polynomials satisfying the property that for each k the polynomials f n k and A i f n k ± B i , 1 ≤ i ≤ t, are simultaneously ρ-smooth, where
